Introduction
Representation Theory of Semisimple Lie Groups A representation of a group G is a complicated object, often in nite dimensional. The character of , which determines , is a function on G. Unexpected and deep relationships between di erent groups can be seen by looking at the characters of their representations. It is often much harder to see the corresponding relationship between the representations.
\Characters Matter" Motivation Two themes in number theory:
Trace Formula (Langlands Program) -relate representations of algebraic (i.e. matrix) groups H; G. Basic problem: compute the multiplicity of a representation in the space of automorphic forms. This is very hard. \Endoscopy" compares the multiplicities for representations of G with those for other simpler groups H.
Theta-Correspondence -relate representations of possibly non-algebraic groups G 1 ; G 2 . Quantum mechanics: The quantum harmonic oscillator gives rise to the oscillator representation of the non-algebraic two-fold cover of SL(2; R ), more generally Sp(2n; R ) . This gives rise to relationships between representations of subgroups (G 1 ; G 2 ) of f Sp(2n; R ).
Problem: Bring the Theta-Correspondence into the Langlands Program.
Approach: Character Theory -Relate the representation theory of each non-algebraic group to an algebraic group, using character theory.
Finite Groups G = nite group GL(n; C ) = fn n complex matrices g j det(g) 6 = 0g : G ! GL(n; C ) a representation (group homomorphism)
Theorem: (Schur) is determined (up to isomorphism)
by its character, the function (g) = Trace( (g))
Corollary: (Pointwise Conjugacy ) Conjugacy) Suppose 1 and 2 are two embeddings of G in GL(n; C ), satisfying: 1 (g) 2 (g) for all g 2 G. Then there exists x 2 GL(n; C ) such that for all g 2 G,
x 1 (g)x ?1 = 2 (g) (In other words, if for all g 2 G there exists x g 2 GL(n; C ) such that x g 1 (g)x ?1 g = 2 (g), then x g can be chosen independent of g.) Proof: The assumption implies ) 1 = 2 ) 1 ' 2 (Theorem ) ) x 1 (g)x ?1 = 2 (g) (g 2 G) by de nition of isomorphism.
with GL(n; C ) replaced by other groups such as PGL(n; C ) (n 3). This is related to the failure of multiplicity one for SL(n) Blasius 1994 Theorem: (HC 1965 (HC , 1978 Let be an irreducible unitary (more generally: admissible) representation of G.
The character of is de ned as a distribution: (f) = Tr( (f)) for f smooth and compactly supported,
where is a function on G 0 , The function is independent of the choice of Haar measure dg, and determines up to isomorphism.
All of the complicated structure of an in nite dimensional representation is therefore encoded in a single function . This function can be very complicated, and carries deep number theoretic information.
Suppose F = R . By analogy with nite groups, the \dis-crete" part of L 2 (G) may be written
The (countable set of) which appear are the \discrete series" of G. In spite of this natural de nition, it is very difcult to construct directly. Harish Chandra rst classi ed the discrete series by studying their characters HC 1965 0 ]. The formulas for the characters of the discrete series are very complicated. They have been computed independently in Herb 1983] Example: (Kazhdan) The character formula of certain discrete series representation of p-adic groups involve counting the number of points on an elliptic curve over a nite eld. Although the general character of a representation (even a nite dimensional representation of a compact group) may be complicated, certain very special representations have remarkable characters.
Example: Let G = Spin(n), the two-fold cover of SO(n).
The Spin representation of G, of dimension 2 n 2 ] , has character j Spin (g)j = 1 p 2 c jdet(1 + g)j 1 2 (c = 0 or 1 respectively if n is even or odd.) This is simpler than the character of a general nite-dimensional representation of G.
Remark: The spin representation is the smallest genuine representation of Spin(n) (genuine: does not factor to SO(n) The phase is easily determined up to a factor (g) with (g) 8 = 1. The calculation of (g) involves some deep questions number theory.
Example: Let G; !; ! be as in the preceding example, with 
Non-algebraic groups
The Langlands program deals with an algebraic group G, i.e. G is a closed subgroup of a matrix group GL(n). The theta correspondence (and its generalizations) involves non-algebraic groups. The existence of non-algebraic covers of Sp(2n) is implied by quantum mechanics. Even the existence of non-algebraic covers of other groups is a deep subject, intimately related to the theory of reciprocity laws in class eld theory Moore 1968 The representation theory of these non-algebraic groups is somewhat mysterious. Flicker, Kazhdan and Patterson studied related the character theory of cover to GL(n) to GL(n) itself Flicker 1980 ], FK 1986 ], KP 1984 . This is the rst case of program outlined at the beginning of the talk, and of (1) for non-algebraic groups. It is di cult to see the corresponding map on representations directly. For example, it takes the trivial representation of GL(2) to the oscillator representation of the two-fold cover of GL(2).
Example: Let H = Spin(2n + 1) over R (the split spin group), G = f Sp(2n; R ). De ne a correspondence between semisimple conjugacy classes of SO(2n+1) and Sp(2n; R ) as follows: (g) = g 0 if g; g 0 have the same non-trivial eigenvalues. This is a bijection between SO(2n+1; C ) and Sp(2n; C ) orbits of (strongly) regular semisimple elements.
Proposition: There is a unique lifting~ of to a correspondence between Spin(2n + 1) and f Sp(2n; R ), such that if (g) = g 0 then Spin (g) ! + ?! ? (g 0 ) = 1 p 2 This is an aspect of Boson-Fermion duality: the spin representation is on the exterior algebra (V ), and the oscillator representation is on the symmetric algebra S(W) ' S(V ). This is also related to Koszul duality. 
